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Introduction

The goal of this book is to reveal the beauty of mathematical
formulas. This beauty springs from the plasticity of mathematic-
al symbols, the simplicity of mathematical statements, and the
esthetic appeal of their implications. Like all sciences, mathe-
matics has its own special harmony. Our goal is to explore this
harmony.

We try to explain this beauty in mathematically simple terms.
The origin of each formula is described and its validity is demon-
strated. Some concepts, such as the Pythagorean theorem and
the area of a circle, have been chosen for their universality.
Others, such as Fermat's last theorem and Goldbach’s conjec-
ture, are justified by their historical importance. Still others,
including logarithms and the formulas of trigonometry, have
been chosen because they are used every day by young students
of mathematics.

To further illustrate the beauty of mathematics, we have cre-
ated a series of drawings that evoke the joy of discovery and
symbolize the profound significance of mathematical formulas.
We have tried to make the text and drawings amusing without
doing injustice to mathematical truths, since we firmly believe
that mathematical activity involves a sense of play.

This playfulness has led us to make up stories involving real
and imaginary characters. Among the real individuals are the
mathematicians d’Alembert, Archimedes, Cardano, Fuler, Fer-
mat, Fibonacci, Gauss, Goldbach, Lagrange, Leibniz, Napier,
Newton, Pascal, and Pythagoras, as well as the Greek philo-
sopher Zeno of Elea, the French philosopher Diderot, Catherine
the Great of Russia, and a U.S. president, James Garfield. Brief
biographical sketches of this diverse group of individuals can be



found on pages 133-138. The imaginary characters include
Cosine, a somewhat distracted scholar borrowed from a hook by
Christophe, a French illustrator and novelist. We have given
Cosine a more modern look and some abnormal physical traits
that he did not have in Christophe’s book. Other fictional char-
acters include Cosine’s colleague Professor Sine, as well as a
clever Dutch bicycle racer and other unnamed individuals with
mathematical talent, including country folk, gardeners, a poster
lover who hangs signs, and a mischievous little girl who cuts up
globes. Certain events and situations, including the race for the
Golden Gouda and the discovery of the Egyptian artifacts, are
complete fabrications. The reader can turn to the annex at the
end of the book for additional information that aliows the real
events and characters to be placed in their proper historical
context, as well as for further information about the situations
‘that we have made up.

The various sections of this book present a broad range of
mathematical concepts that vary widely in difficulty. The chap-
ters are arranged in an essentially spontaneous order, following
what appears to us to be a natural progression of subjects. In
part, this order reflects the way the authors think, and it is
certainly not the only possible choice. As a result, subjects do not
necessarily appear in order of increasing difficulty. For exam-
ple, chapters in the middle of the book that treat logarithms and
exponentals are less easily accessible than later chapters on
spatial objects and numbers. Each section is largely independent
of the others, so the reader is free to browse through the book at
will. Because we want the book to be accessible, we have never let
the rigor of proofs and vocabulary take precedence over the
basic understanding of concepts. In fact, an explanation that is
perfectly rigorous and exact is invariably more long and diffi-
cult, and it often obscures more than it clarifies.

"The book is part of the intellectual legacy of Raphaél Salem,
whose ideas and style have influenced many contemporary
mathematicians.

We give our warm thanks to Professors Jean-Pierre Kahane
and Henri Cartan. Professor Kahane gracefully prodded us to
write the book when it was still just an idea, and we are very

grateful to him. Professor Cartan agreed to amma our drafts and
contributed significantly to the rigor m:;Q nmmdﬁ% cﬂm the text by
correcting errors and suggesting &Ev:?.nm:osm. We would also
like to thank Jean-Pierre Sicre whose critical comments, based
on extensive teaching experience, allowed us to make the most
difficult parts of the book more wnnmmm:u_.m. We are deeply grate-
ful to Geoffrey Staines for having faith in us. m_:m._;. Hr.m book
would never have been produced without the crucial assistance
of Martine Wiznitzer and Pascaline Jay. o

In conclusion, we hope that the beauty aw«.mm«ma by this brief
stroll through the world of mathematics will inspire the reader to
go further and continue to explore new realms.

Lionel Salem
Frédéric Testard
Coralie Salem
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Whole Powers of Numbers

If we take a number a, we call a multiplied by itself the square

of @, and we write it a2:

Ifa = 3,thena® = 3 x 3 = 9. The word square comes from the
fact that if we calculate the area of a square with side a, the result
is a®. For example, if ¢ = 3, then the square can be subdivided
into 3 x 8 = 9 little squares of side 1, whose area is 1 by
definition. Thus the serving tray in the figure is ready to hold 9
pieces of cake.

In the same way, a multiplied by itself twice is the cube of a,
Elﬂm:am“

2’ =aXaXxXa

For example, 33 =8 x 3 x 8 = 27. This time, the word cube
takes account of the fact that a2 is the volume of a cube of side a,
which can be subdivided into o little cubes of side 1 and volume
1. Thus the culinary extravaganza in the figure consists of 27
pieces of cake,

In general, we define

.&”QXQXQX&
(3* =3 x 3 x3x3=8
@ =axaxaxXaXa

ﬁmonXmexwwam».mv

and so on. In these cases there is no longer a simple geometric
interpretation.

Finally, we can also define negative powers of numbers: The
number e~ is equal, by definition, to the reciprocal 1/a of a. For
example, 27! = 1/2 = 0.5; 2% = 1/22 = 1/4 = 0.95: 23 = | /9
= 1/8 = 0.125; and s0 on.




2N % N,_S — M:+3

We have just seen how to “raise a number to0 a given power.”
To raise the number ¢ to the square is to calculate o = a X a; to
raise to the cube is to calculate ¢® = ¢ X g X a; and so on.

For example, the number

2° =2 x2x2x%x2x?9

can be calculated by multiplying together five numbers all equal
to 2. If we group the five numbers into a set of three and a set of
two, we see that

25 (2X2x2)x(2x9
95 = 93 y 92

Since the number of ancestors doubles with each generation
(2 parents, 4 grandparents, and so on), we know that the number
of ancestors in the fifth generation will be 2°, which can be
calculated by writing

Mw“MwXMN
=8 x4
= 32

Since each of the four grandparents has eight great-
grandparents, the young rocker in the figure has 32 ancestors in
the fifth generation, at the time of the first waltzes,




Triangles,
Rectangles,

Squares,
and Circles

The Area of a Rectangle Is Equal
to the Product of its Sides

As the result of a bizarre mutation, certain four-leaved clovers
have turned into giant plants, hastily baptized Trifolium gigan-
teum by astonished botanists. These remarkable Trifolia gigantea
have the strange property of growing only when they occupy a
space of 1 meter by 1 meter, or 1 square meter.

A farmer who wants to raise these curious plants happens to
have a rectangular field measuring 5 meters by 7 meters. He sees
that he can sow five rows separated by one meter, with seven
plants in each row. He therefore cultivates

b X7 =35

plants, without wasting the least bit of his field. Its ares, a term
derived from the Latin word for a piece of level ground, is
therefore equal to 35 square meters, the product of its length
and width.

A =a X b

Rectangle




The Area of a Triangle Is Equal to
One-half the Product of Its
Height and Base

Raising Trifolium gigantewm proves to be a major commercial
success, and our farmer would very much like to grow more.
The only field he has left is a triangular plot. Unfortunately, by
another strange genetic twist of fate, the mutant plant will grow
only in rectangular fields.

“No problem!” shouts the farmer. “A triangle is only half of a
rectangle.” He then goes to see his neighbor and suggests a deal.

“In my triangular field,” he explains, “I can draw a line A
perpendicular to the base 4 that passes through the opposite
vertex. This cuts the field into two right triangles. If we join
forces, we can turn the field into a rectangle for growing Trifo-
lium, since we only need to double each of the triangles.”

“Since the area of the rectangle is b X 4, the area of my triangle
must be 1/2 (b X k). So let’s join our fields together and share the
harvest equally.”

_
\wuﬁim:m_m = m AW X h)




The Sum of the Angles of a Triangle
Equals 180°

Excited by the idea of raising his first crop of Trifolium, the
neighbor anxiously paces around the perimeter of his triangular
field while awaiting the return of his partner, who has gone to
get seeds. The neighbor baptizes the triangle ABC and notices
that if the sides AC and AB form an angle a, then each time he
reaches A he must turn through an angle of 180°~a. This is
because the sum of the external and internal angles at A is equal to
180°. For the same reason, he turns 180°— g at B and 180°— vy at
C.

After the three turns he finds himself pointing in the same
direction, but he has made a complete circuit of 360°. He there-
fore realizes that
= 360°

(180°—a) + (180°—B) + (180°—+)

ar that

e+ B+ vy =180

For further amusement, the reader can derive the equations
that the farmer would have discovered if his field had had 4, 5, 6,
or more sides,
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(a+b)? = a% + 2ab + b?

One fine day, a whiz kid notices that the splendid poster of
Van Gogh’s “Sunflowers” hanging in the hallway of his parents’
house has four creases. Intrigued, he looks more closely and sees
that the creases divide the square poster into two square subsec-
tions, with sides ¢ and &, and two rectangular subsections, with
length ¢ and width . He then decides to entertain himself by
calculating the area of the whole poster in two different ways.

He immediately sees that it must be (a + #)%. But it is also a? +
b* + ab + ab, since the area of the poster is the sum of the areas
of the four subsections. Just to make sure, he decides to cut it up
along the creases. After a few quick snips of his scissors, he
confidently concludes that

(a+b)y* = a® + 2ab + b°




@+ b)a — b) = a2 — b

Our whiz kid has grown up in the streets and now pastes ads
on billboards for a living. Having never lost his passion for
dabbling in mathematics, he finds many opportunities in his new
line of work to put his interest in formulas to good use. From his
early experience cutting up posters, he has now moved on o
explore new problems. He starts to hang a square sign with sides
a, which has a small square subsection with sides . He then
decides to cut out the smaller square. This leaves a truncated
L-shaped sign, which clearly must have an area of

a? — b*

On a hunch, he moves the upper part of the L, which has sides
of b and a — b, and places it on the bottom rightend of the base of
the L. He notices that this produces a large rectangle with length
a+b, height a—#, and area

(a+b) (a—0b)
This means that
(a+b) (a—b) = a®—b*

Then he takes off for the day, telling himself that he has dis-
covered a truly remarkable equality.
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The Pythagorean Theorem:
2+ b=

To prove that in a right triangle the square of the hypotenuse
is equal to the sum of the squares of the sides,

at + b=
the U.S. president James Garfield decided to construct the
trapezoid shown in the figure, which consists of two right trian-
gles with sides a, b, and ¢, and a right isosceles triangle with two
equal sides of length ¢. Itis possible to verify that the angle AOB,
which is just 180° — o — B, must be equal to 90°, since the farmer
in Chapter 5 has shown that the sum of the angles a +  +90°in
cach right triangle is 180°

President Garfield then calculated the area of the trapezoid in
two different ways. He was aware that the area is simply the
product of its base, a + 6, times one-half the sum of its sides, /2
(a+ b). We have not proved this, but the reader can easily show
that it is true by building a rectangle from two trapezoids.

The area can also be calculated by adding the areas of each of
the three triangles, ab/2, ab/2, and ¢2/2. As a result,

lath) Ll
{atbh) X 5 = ab + 5
By using what the billboard specialist learned in Chapter 6
while he was an apprentice, President Garfield could expand the
left side of the equation and rediscover the equality found

almost 2500 years earlier by Pythagoras.

Q

a® + b =¢

2
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The Circumference of a Circle
Equals 2wR

A cyclist notices that it requires more effort to make one full
turn of his wheels when their diameter is 70 centimeters than
when it is 50 centimeters, and he decides to get to the bottom of
the mystery. To measure the length of a full revolution, he takes
each of his tires, puts a little dab of paint on the treads, rotates
the tires, and then measures the distance between the spots of
paint. For the 50-centimeter tire he measures a distance of 1.57
meters, and for the 70-centimeter tire he measures 2.19 meters.
Repeating this experiment with tires of different diameters, he
finds that their circumference L is always proportional to their
diameter D and that the coefficient of proportionality is approx-
imately 3.14.

L=314 xD

Somewhat later, he discovers this formula in a book on
geometry. There the coefficient of proportionality is called ,
which he learns comes from the first letter of the Greek word for
perumeter. 'The diameter can be replaced in the formula by 2R,
twice the radius.

L = 2nR

In the book, our cyclist also finds the definition of another
unit for measuring angles, called a radian. A radian, which is
approximately 57° 18’, is the angle that cuts a length of 1 on the
circumference of a circle of radius 1.

=3 A4ATIMmY



Since the length of one-fourth of a circle of radius 1is #/2, 7/2
is the value of a right angle in radians. Similarly, an angle of 180°
corresponds to w radians, since half the circumference of a circle
of radius 1 is w. More generally, in a circle of radius 1 the arc cut
by an angle of « radians has a length of «. In particular, an angle
of 360°, which corresponds to a full circle, measures 27 radians
since the circumference of a circle of radius 1 is 2.
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The Area of a Circle Equals mR?*

In about 250 B.C,, a pastry chef in Syracuse baked a huge
round cake and invited everyone in town to come share it. After
it had been cut up, which took several hours, each guest received
a small slice. A number of guests noticed that the slices resem-
bled right triangles with height R and base /, as shown in the
drawing at the top of the opposite page.

The area of each slice was therefore approximately 1/2 (R x 1),
But one clever guest, Archimedes, pointed out that if the areas
of all the little slices were added together, the result would be the
radius R times the sum of all the lengths / divided by 2, which
would be equal to the area A of the whole cake.

“However,” he added, “the sum of the lengths [ is just the
circumference of the cake, which is 2wR.” The guests claim that
he then shouted “Eureka!” and wrote in the icing

1

>HWNXM‘~1~

or

A = nR?

*Mathematicians make a subtle distinction between a “circle,” which has a circumfer-
ence but no area, and a “disk,” which corresponds 1o the areainside the circle. In keeping
with popular usage, however, we have retained the word “circle.”
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